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Abstract. The primordial power spectra of scalar and tensor perturbations during
slow-roll inflation are usually calculated with the method of Bessel function approx-
imation. For constant-roll or ultra slow-roll inflation, the method of Bessel function
approximation may be invalid. We compare the numerical results with the analytical
results derived from the Bessel function approximation, and we find that they dif-
fer significantly on super-horizon scales if the constant slow-roll parameter ηH is not
small. More accurate method is needed for calculating the primordial power spectrum
for constant-roll inflation.
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1 Introduction
Inflation gives solutions to the problems such as the flatness and horizon problems in
standard cosmology [1–5], and the seeds of the large scale structure of our Universe
are provided by the quantum fluctuations of the inflaton during inflation which leave
imprints on the cosmic microwave background radiation [6–11]. To ensure enough
inflation, the potential of the scalar field is usually chosen to be flat so that the scalar
field slowly rolls down the potential, i.e., the slow-roll condition is satisfied. Under the
slow-roll condition, the equation that the mode functions of the quantum fluctuations
satisfy can be written as the Bessel equation with the order ν and the order parameter
ν is approximated to the first order of slow-roll parameters H and ηH . By assuming
that the slow-roll parameters change slowly and taking ν as a constant, the mode
functions are solved with the Hankel functions through the matching of the solutions
in different regions. Finally the power spectra are evaluated at the horizon crossing
k = aH using the asymptotic form of the Hankel function in the limit k/aH → 0
[12]. This method is referred as the Bessel function approximation [13]. Higher order
corrections and more accurate methods are also developed in [14–17]. There are more
work discussing the calculation of the power spectrum [18–28].
If the potential of the scalar field is very flat, then the acceleration of the inflaton
is locked by the friction term and the slow-roll parameter ηH ≈ 3, this is the ultra
slow-roll inflation [25, 26]. Recently, the ultra slow-roll inflation was generalized to
constant-roll inflation with the slow-roll parameter ηH being a constant [29, 30]. The
constant-roll inflation has richer physics than the slow-roll inflation does. For example,
it can generate large local non-Gaussianity and the curvature perturbation may grow
on the super-horizon scales [29–31]. The constant-roll inflation was also discussed in
[32–44]. Furthermore, the idea of ultra slow-roll inflation was used to generate the
primordial black holes [45, 46], and a short period of ultra slow-roll inflation with
small H can be the mechanism for producing the primordial black holes in a similar
way to the chaotic new inflation model [47]. If ηH  1, then the slow-roll conditions
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are satisfied and the standard slow-roll results apply. If ηH is not small, then the slow-
roll approximation breaks down. In the ultra slow-roll inflation, the slow-roll condition
is violated. As pointed out in [13], when the slow-roll parameters are not small, the
Bessel function approximation is unreliable. Fortunately, since ηH is a constant, we can
separate it from the slow-roll parameter H and use the Bessel function approximate
to derive the power spectrum. It was shown that the power spectrum for the constant-
roll (including the ultra slow-roll) inflation has the same form as that for the slow-roll
inflation [26, 29, 30]. One of the important assumptions made in the Bessel function
approximation is that H changes slowly. For the slow-roll inflation, the time derivative
of H is on the second order of the slow-roll parameters H and ηH , but for the constant-
roll inflation, the time derivative of H is on the order of H , so the accuracy of the Bessel
function approximation needs to be examined. In this paper, we study this problem
by comparing the power spectrum derived from Bessel function approximation with
the numerical results.
This paper is organized as following. In section 2, we briefly review the constant-
roll inflation and discuss the attractor behaviour. In section 3, we calculate the power
spectrum using the Bessel function approximation method and compare the analytical
results with the numerical results. The issue of super-horizon evolution is also discussed
in section 3. The paper is concluded in section 4.
2 the constant-roll inflation
We start with the canonical scalar filed minimally coupled to gravity,
S =
∫
d4x
√−g
[
R
2
− 1
2
gµν∇µφ∇νφ− V (φ)
]
, (2.1)
where we set 8piG = 1. The Friedmann equation and the equation of motion for the
scalar field are
3H2 =
φ˙2
2
+ V (φ), (2.2)
dH
dφ
= − φ˙
2
, (2.3)
φ¨+ 3Hφ˙+
∂V
∂φ
= 0, (2.4)
where a dot denotes the derivative with respect to cosmic time t. Introducing the
slow-roll parameters
H = − H˙
H2
, (2.5)
ηH = − H¨
2HH˙
, (2.6)
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and using eq. (2.3), we get
H =
2
H2
(
dH
dφ
)2
, (2.7)
ηH = − φ¨
Hφ˙
=
2
H
d2H
dφ2
. (2.8)
Note that the condition for inflation is H ≤ 1. For the constant-roll inflation,
ηH = − φ¨
Hφ˙
= 2α. (2.9)
From equation (2.8), we get
1
H
d2H
dφ2
= α. (2.10)
If the constant α > 0, then the solution of the Hubble parameter is
H (φ) = c1 exp
[√
α (φ− φ0)
]
+ c2 exp
[−√α (φ− φ0)] , (2.11)
where c1, c2 and φ0 are arbitrary integration constants. For any values of c1 and c2,
we can choose the value of φ0 so that the solution (2.11) falls into one of the following
three classes [30]:
H(φ) = M exp(±√αφ), c1c2 = 0, (2.12)
H(φ) = M cosh
(√
αφ
)
, c1c2 > 0, (2.13)
H(φ) = M sinh
(√
αφ
)
, c1c2 < 0, (2.14)
where the energy scale M > 0.
On the other hand, if α < 0, the solution to equation (2.10) is
H(φ) = c1 sin
(√−αφ)+ c2 cos (√−αφ) . (2.15)
By shifting the scalar field, the Hubble parameter (2.15) can be written as
H(φ) = M sin
[√−α(φ− φ1)] , (2.16)
where M > 0. The solution (2.16) can also be expressed in the form of eq. (2.14), so
the general solution belongs to one of the three classes (2.12), (2.13) and (2.14).
The solution (2.12) leads to the power-law inflation, and H = ηH = 2α. For the
solution (2.13), we get
H = 2α tanh
2(
√
αφ), (2.17)
and
˙H = 2HH(H − ηH) = − 4αHH
cosh2(
√
αφ)
< 0. (2.18)
For the models (2.12) and (2.13), the slow-roll parameter H either is a constant or
decreases with time, so we need to introduce some mechanisms to end inflation. The
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three classes of solutions (2.12), (2.13) and (2.14) were discussed in [30], and it was
claimed that the solution (2.14) does not give inflationary phase. In this paper, we
focus on the solution (2.14) only.
For the solution (2.14), we get
H = 2α
[
coth
(√
αφ
)]2
, (2.19)
and
˙H =
4αHH
sinh2 (
√
αφ)
> 0. (2.20)
Apparently, in this model inflation happens when H < 1 and the slow-roll parameter
H increases with time as shown in figure 1. From eq. (2.18), we see that H > ηH
in this model since ˙H > 0. Note that for the model (2.16) with α < 0, we also have
˙H > 0. From the Hamilton-Jacobi equation
V (φ) = 3H2(φ)− 2
[
dH (φ)
dφ
]2
, (2.21)
and the solution (2.14), we obtain the potential
V (φ) = V0 sinh
2
(√
αφ
)− V1 cosh2 (√αφ) , (2.22)
where V0 = 3M
2 and V1 = 2αM
2. Furthermore, we can derive the background evolu-
tion with the solution (2.14). Combining eqs. (2.3) and (2.14), we get
φ =
1√
α
ln (tan [αM (t0 − t)]) , (2.23)
where t0 is an integral constant and solution is valid in the range
pi/4 < αM (t0 − t) < pi/2. (2.24)
Combining eqs. (2.14) and (2.23), we get the time evolution of the scale factor
a = a0 sin
1/(2α)[2αM(t0 − t)], (2.25)
where a0 is an integration constant.
From eq. (2.19) and the condition for the end of inflation H(φe) = 1, we get the
value of the inflaton φe at the end of inflation,
φe =
1
2
√
α
ln
(
1 +
√
2α
1−√2α
)
, (2.26)
and the value of the inflaton φ∗ at the horizon exit,
φ∗ =
1√
α
ln
(
y +
√
y2 − 4
2
)
, (2.27)
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Figure 1. The evolution of the slow-roll parameter H for the model (2.14).
where α < 1/2, y = exp (2αN +
√
αφe) + exp (2αN −
√
αφe), and N is the remaining
number of e-folds at the horizon exit before the end of inflation. Since α < 1/2, so to
get successful inflation, we require ηH = 2α < 1 for the model (2.14). Substituting the
result (2.27) into eq. (2.19), we get the value of the slow-roll parameter at the horizon
exit,
H(φ∗) = 2α
(
1 +
1
1 +
√
1−N−1∗ −N−1∗
× 1
N∗
)2
, (2.28)
where N∗ = exp(4αN)/(1− 2α).
To close this section, we discuss whether the exact inflationary trajectories (2.23)
and (2.25) are attractors. We solve eqs. (2.2) and (2.4) together with the Hamilton-
Jacobi equation (2.21) for the model (2.14) numerically with different initial conditions
and the results are shown in figure 2. The results show that the inflationary trajectories
are attractors.
3 perturbation in the constant-roll inflation
3.1 The scalar perturbation
In the flat gauge δφ = 0, the gauge invariant scalar perturbation becomes the curvature
perturbation which is related to the scalar metric perturbation by δgij = a
2(1 + 2ζ)δij.
The mode function vk = zζk for the curvature perturbation ζ satisfies the Mukhanov-
Sasaki equation [10, 11]
v′′k +
(
k2 − z
′′
z
)
vk = 0, (3.1)
where z = aφ˙/H and a prime denotes the derivative with respect to the conformal
time τ . In terms of the slow-roll parameters, we get
z′′
z
= 2a2H2
(
1 + H − 3
2
ηH + 
2
H +
1
2
η2H − 2HηH +
1
2
ξH
)
, (3.2)
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Figure 2. The phase diagram for the model (2.14) with α = 0.0009 (top) and α = 0.16
(bottom). In the right panels, the Hubble parameters are normalized by h0 = M sinh(8
√
α).
where
ξH =
...
φ
H2φ˙
− η2H . (3.3)
Since
η˙H = H (HηH − ξH) , (3.4)
so for the constant-roll inflation with η˙H = 0, we obtain ξH = HηH , and eq. (3.2)
becomes
z′′
z
= 2a2H2
(
1 + H − 3
2
ηH + 
2
H +
1
2
η2H −
3
2
HηH
)
. (3.5)
To find the relation between aH and τ , we use the relation
d
dτ
(
1
aH
)
= −1 + H . (3.6)
To the first order approximation of H , we get
1
aH
≈
(
−1 + H
1 + 2ηH
)
τ. (3.7)
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If H is almost a constant or not small, then this approximation is not correct. Plugging
the above result (3.7) into eq. (3.5), we get
z′′
z
=
1
τ 2
[(
2− 3ηH + η2H
)
+
(6− 5ηH − 4η2H) H
1 + 2ηH
]
=
1
τ 2
(
ν2 − 1
4
)
,
(3.8)
where to the first order approximation of H ,
ν =
∣∣∣∣32 − ηH
∣∣∣∣+ (6− 5ηH − 4η2H) H|3− 2ηH | (1 + 2ηH) . (3.9)
In [26, 29], they got the zeroth order result ν = |3 − 2ηH |/2 only, here we extend
the result to the first order of H with the help of the more accurate relation (3.7).
Assuming that ν is a constant, we get the solution to eq. (3.1)
vk =
√−τ [b1H (1)ν (−kτ) + b2H (2)ν (−kτ)] , (3.10)
where b1 and b2 are arbitrary integration constants. By choosing the Bunch-Davies
vacuum and matching the asymptotic plane wave solution
vk (τ) =
1√
2k
exp (−ikτ) , (3.11)
for −kτ  1, we get the mode function
vk =
√
pi
2
exp
[
i
(
ν +
1
2
)
pi
2
]√−τH(1)ν (−kτ) . (3.12)
Substituting eq. (3.7) into eq. (3.12), we get the power spectrum for the scalar
perturbation
PR = k
3
2pi2
|ζk|2 = H
2
16piH
1 + 2ηH
1 + 2ηH − H
[
H(1)ν
(
1 + 2ηH
1 + 2ηH − H
k
aH
)]2(
k
aH
)3
. (3.13)
On super-horizon scales, k  aH, using the asymptotic behaviour of the Hankel
function, the power spectrum for the scalar perturbation becomes
PR = 22ν−3
[
Γ (ν)
Γ (3/2)
]2
1
2H
(
H
2pi
)2(
1− H
1 + 2ηH
)2ν−1(
k
aH
)3−2ν
. (3.14)
The expression is almost the same as that for the slow-roll inflation except that the
value of ν is different. Similar to the slow-roll inflation, we get the scalar spectral tilt
ns − 1 = d lnPR
d ln k
= 3− 2ν. (3.15)
Note that the above results are valid for any constant-roll inflation. To the zeroth
order of H , we recover the result obtained in [26, 29]. Combining eqs. (2.9), (2.28),
(3.9) and (3.15), we get
ns − 1 = 4α
1− (6− 10α− 16α2)
(3− 4α)(1 + 4α)
(
1 +
1
1 +
√
1−N−1∗ −N−1∗
× 1
N∗
)2 . (3.16)
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3.2 Super-horizon evolution
For the constant-roll inflation, the curvature perturbation ζ may evolve on the super-
horizon scales [29–31]. In this section, we discuss the evolution of the curvature per-
turbation ζ on the super-horizon scales for the model (2.14). On super-horizon scales,
the k2 term in eq. (3.1) is negligible and the general solution is
ζk(τ) = Ak +Bk
∫ τ 1
z2(τ¯)
dτ¯ , (3.17)
where the k-dependent constants Ak and Bk are determined by the initial conditions
(3.11). The first term Ak gives the constant mode and the Bk term gives the evolution
of the curvature perturbation. Changing the integral variable, the Bk term becomes
ζ0 =
∫ τ dτ¯
z2(τ¯)
=
∫ t H2
a3φ˙2
dt. (3.18)
Substituting eqs. (2.23) and (2.25) into eq. (3.18), we obtain
ζ0 =− 1
8α2a30M
∫
cos2 [2αM (t0 − t)]
sin3/2α [2αM (t0 − t)]
d [2αM (t0 − t)]
=Cx3 2F1
(
3
2
,
1
2
+
3
4α
,
5
2
, x2
)
,
(3.19)
where C = −(24α2a30M)−1, x = − cos [2αM (t0 − t)] and 2F1(a, b; c; z) is the Hyperge-
ometric function. On super-horizon scales, 2αM (t0 − t)→ pi/2 and x 1, so
ζk ≈ Ak +BkCx3. (3.20)
The second term is a decaying mode and the constant mode dominates. Therefore, the
curvature perturbation ζk remains constant outside the horizon for the model (2.14)
and we can calculate the value of the observable at the horizon exit k = aH.
3.3 The tensor perturbation
For the tensor perturbation δgij = a
2hij, the mode function u
s
k(τ) = ah
s
k(τ)/
√
2 satis-
fies the equation
d2usk
dτ 2
+
(
k2 − a
′′
a
)
usk = 0, (3.21)
where “s” stands for the “+” or “×” polarizations. Using the approximation (3.7), we
get
a′′
a
=
1
τ 2
[
2 +
3− 2ηH
1 + 2ηH
H
]
=
µ2 − 1/4
τ 2
, (3.22)
where
µ =
3
2
+
3− 2ηH
3 (1 + 2ηH)
H . (3.23)
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Assuming that µ is a constant and following the same procedure for the scalar pertur-
bation, we get the power spectrum for the tensor perturbation
PT = H
2
pi
1 + 2ηH
1 + 2ηH − H
[
H(1)µ
(
1 + 2ηH
1 + 2ηH − H
k
aH
)]2(
k
aH
)3
. (3.24)
On super-horizon scales, using the asymptotic behaviour of the Hankel function, the
power spectrum for the tensor perturbation becomes
PT = 22µ
[
Γ (µ)
Γ (3/2)
]2(
H
2pi
)2(
1− H
1 + 2ηH
)2µ−1(
k
aH
)3−2µ
. (3.25)
The tensor spectral tilt is
nt = 3− 2µ = − 6− 8α
3 (1 + 4α)
H . (3.26)
Combing eqs. (3.14) and (3.25), we obtain the tensor to scalar ratio
r =
PT
PR ≈ 16QH = −8Q
(
1 +
16α
3− 4α
)
nt, (3.27)
where Q = 23−|3−4α|[Γ(3/2)/Γ(|3/2− 2α|)]2. Using eqs. (3.16) and (3.27), we calculate
the scalar spectral tilt and the tensor to scalar ratio for different values of α with
N = 50 and N = 60. The results along with the Planck 2015 constraints [48] are
shown in figure 3. From figure 3, we see that the model gives too large r and it is
inconsistent with the observations at the 68% confidence level. Note that when α
is small as those values chosen in figure 3 to be consistent with the observations at
the 95% confidence level, the constant-roll inflation is also slow-roll inflation, so the
formulae (3.16) and (3.27) are valid.
N=60
N=50
α=0.002α=0.001α=0.00
α=-0.005α=-0.01
0.94 0.95 0.96 0.97 0.98 0.99
0.00
0.05
0.10
0.15
0.20
ns
r
0
.0
0
2
Planck TT,TE,EE+lowP
Figure 3. The ns− r constraints on the model (2.14). The shaded regions are the marginal-
ized 68%, 95% and 99.8% C.L. contours from Planck 2015 data.
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3.4 Numerical solution
In the derivation of the power spectra for the scalar and tensor perturbations, we made
several approximations. The relation (3.7) between aH and τ is an approximation to
the first order of the slow-roll parameter H . To solve the mode functions, we assume
that µ and ν are constants. For the slow-roll inflation, the time derivatives of µ and ν
are at least on the second order of the slow-roll parameters H and ηH and the slow-roll
parameters are small, so the error due to these approximations is small. However, for
the constant-roll inflation, ˙H > 0, so H > ηH and the slow-roll parameter H may
not be too small as shown in figure 1, and the time derivatives of µ and ν is in the
first order of H , so the error due to these approximations may not be small. To check
the analytical results (3.13) and (3.24) derived in the previous sections, we solve eqs.
(3.1) and (3.21) for the mode functions vk and u
s
k numerically. In figure 4, we show
the results for the case ηH = 0.0018 with k = 0.002Mpc
−1. For this case, the slow-
roll condition is satisfied, the constant-roll inflation is also a slow-roll inflation, so the
theoretical results (3.13) and (3.24) are almost the same as the numerical results.
α=0.0009
numerical results
analytical results
0.01 0.10 1 10 100
10-11
10-8
10-5
-kτ
P
R α=0.0009
numerical results
analytical results
0.01 0.10 1 10 100
10-11
10-8
10-5
-kτ
P
T
Figure 4. The scalar and tensor power spectra for the constant-roll inflation with ηH =
0.0018. The left panel shows the scalar power spectrum and the right panel shows the tensor
power spectrum. The solid red curves are for the numerical results and the black dashed
curves are plotted with the analytical results (3.13) and (3.24).
In figure 5, we show the results for the constant-roll inflation with ηH = 0.32.
For this case, the slow-roll parameters are not small, the theoretical results (3.13)
and (3.24) differ from the numerical results significantly on super-horizon scales. On
sub-horizon scales −kτ  1, the asymptotic plane wave solution (3.11) applies and
the solution is independent of the model, so the theoretical and the numerical results
are the same. On super-horizon scales, k is negligible, the solution depends on the
inflationary model and the results are different for different models. Figure 5 tells us
that the analytical results (3.13) and (3.24) are not good approximate solutions and
we need to solve the equations for the mode functions numerically if ηH is not small.
Furthermore, the numerical results confirm that the perturbations remain constant on
the super-horizon scales. We also compare the difference of the power spectra between
the numerical solutions and the analytical results (3.14) and (3.25), the percentage
difference is shown in figure 6. As expected, the error in the scalar power spectrum is big
– 10 –
when H is not small. However, the analytical results (3.14) and (3.25) capture the main
behavior of H2/H even though they underestimate the amplitudes. For the constant-
roll inflation with ηH = 0.0018, the analytical results give ns = 0.9670, nt = −0.0183
and r0.002 = 0.1475, and the numerical results are ns = 0.9666, nt = −0.0187 and
r0.002 = 0.1455. For the constant-roll inflation with ηH = 0.32, the analytical results
give ns = 0.98, nt = −0.31 and r0.002 = 7.34, and the numerical results are ns = 0.059,
nt = −0.94 and r0.002 = 5.12. Since further approximations were made in calculating
the spectral tilts, the derived analytical results (3.16), (3.26) and (3.27) deviate from
the exact numerical results when H is not small.
α=0.16
numerical results
analytical results
0.01 0.10 1 10 100
10-11
10-8
10-5
-kτ
P
R
α=0.16
numerical results
analytical results
0.01 0.10 1 10 100
10-11
10-8
10-5
-kτ
P
T
Figure 5. The scalar and tensor power spectra for the constant-roll inflation with ηH = 0.32.
The left panel shows the scalar power spectrum and the right panel shows the tensor power
spectrum. The solid red curves are for the numerical results and the black dashed curves are
plotted with the analytical results (3.13) and (3.24).
α=0.16
k*=0.002Mpc-1
α=0.0009
|Δ PR(k)|/PR(k)×100|Δ PT(k)|/PT(k)×100
|Δ PR(k)|/PR(k)×100|Δ PT(k)|/PT(k)×100
10-5 10-4 0.001 0.010 0.100 1
0.05
0.50
5
50
k
Figure 6. The percentage differences between the power spectra obtained from the numerical
solutions and the analytical results (3.14) and (3.25). The solid lines are for the scalar power
spectrum and the dashed lines are for the tensor power spectrum. The black lines are for the
case with ηH = 0.0018 and the red lines are for the case with ηH = 0.32.
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4 Discussions and conclusions
For the constant-roll inflation, we derived the power spectra for the scalar and tensor
perturbations up to the first order of H by using the Bessel function approximation.
The scalar and tensor spectral tilts, and the tensor to scalar ratio were also obtained up
to the first order of H . The reason that we can give the first order correction is because
we derived the first order relation (3.7) for the constant-roll inflation. These extend
the previous zeroth order result. When ηH is small, we recover the standard results for
the slow-roll inflation. The analytical inflationary solution for the constant-roll model
(2.14) was also derived, and we find that the inflationary trajectory is an attractor, but
the model is excluded by the observations at the 68% C.L. For the model (2.14), ˙H > 0,
so as the inflaton rolls down the potential, H > ηH and inflation ends when H reaches
1. If ηH is not small, then H is not small and the Bessel function approximation may
not be reliable. We solve the equations for the mode functions numerically and we
find that the numerical results are different from the analytical ones derived from the
Bessel function approximation outside the horizon. Therefore, more accurate method
for calculating the primordial power spectra is needed. If ˙H < 0, then H can keep
to be small and the Bessel function approximation is valid if H changes slowly and
the curvature perturbation remains to be constant outside the horizon, but inflation
cannot end, and some mechanisms are needed to end inflation. The small H gives
large curvature perturbation on small scales to form the primordial black holes, so
a short period of ultra slow-roll inflation with small H can be the mechanism for
producing the primordial black holes. The results derived in this paper may be useful
for the discussion of the production of primordial black holes. In conclusion, the Bessel
function approximation cannot be trusted if H is not small or it changes quickly, more
accurate method for calculating the primordial power spectra and the spectral tilts
needs to be developed.
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